Introduction
Strongly amenable inclusions of factors of type II i were introduced and classified by Popa in [11] (though the possible values of the involved invariant are not in general known). Strong amenability is similar to injectivity in the case of single factors, and its equivalence with the generating property (i.e., the existence of an approximating tunnel for the inclusion) is an analogue to Connes' fundamental result that injective factors are hyperfinite [3] .
In another direction, Choda and Kosaki [2] and Popa [12] have introduced an outerness condition for actions of discrete groups on a subfactor. Actions satisfying this property are called strongly outer (cf. §2). In the case of strongly amenable II i-subfactors and amenable groups, such actions were classified up to cocycle conjugacy by Popa [12] . The case of infinite subfactors was handled in [13] , where the so-called strongly free actions were defined and classified.
Since strongly amenable subfactors can be classified, it is of course important to determine when a given subfactor is strongly amenable. Various criteria were presented in [11] , and in this paper we shall apply some of them to the case of crossed products of II i-subfactors by a strongly outer action of a discrete amenable group. We show that whenever the crossed product of a IL-subfactor by a strongly outer action of a discrete group is strongly amenable, then the Hi-subfactor we started with is actually strongly amenable. The converse implication is shown only for finite groups, though a strategy for the general case is indicated. The point of our approach is to explicitly construct a tunnel for the crossed product inclusion in terms of a given tunnel for the subfactor we start with.
The main references for this paper are [5] and [11] , where the reader can find the basic notions and results used here.
I would like to thank Professor Kawahigashi for fruitful discussions on these and related topics. When it causes no confusion, we identify AD B with its image in AD B. For X a subalgebra of A, Ex denotes the trace-preserving conditional expectation onto X. Also let || • ||2 denote the weak norm induced by the tracial state on A.
We assume that a is strongly outer in the sense of [2, 2.1], or, equivalently
(by [13, 3.1] ), that a is properly outer as defined in [12, 1.5], i.e.,
In particular, a is_ outer on both A and B, so A D B is an inclusion of
Hi-factors. Also [A: B] = [A : B] < co.
We finally assume that A and 2? are hyperfinite, which is equivalent to the assumption that G is amenable (see [3, 6.8; 6, p . 96]).
Extremality
Recall from [11, 1. Note that we can arrive at the Loi part of a using any choice of the unitaries from [7] (the zg in the proof of (4.1)). The point of the above is that ast can be constructed using cocycles, namely, as a kind of limit of the actions ak . (i) AD B is strongly amenable.
(ii) ADB is strongly amenable.
Then (ii) implies (i), and if G is finite, (i) implies (ii).
Note that the validity of (ii) automatically entails amenability of G. 2), all we have to prove is that A"" D Ba" is an inclusion of factors which is extremal. This is clear if a" = 1. Otherwise ast is strongly outer by [12, 1.6] , and in case \G\ < co, we get (ii) thanks to (3.2) . D
